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Summary.

As a first step in the development of a nonlinear theory for calculating the response of an axisymmetric system
to an irregular sea, the radiation problem for axisymmetric floating or immersed bodies in a periodic heave
motion, composed of a number of harmonic components, is considered by means of a third-order potential
theory.

It is shown that the knowledge of only first- and second-order potential functions is required for the
calculation of all forces up to the third order. A boundary integral equation method is proposed for the
determination of these potential functions.

1. Introduction

A linear approach to hydrodynamic problems concerning the behaviour of a floating or
submerged body in an irregular seaway can result in realistic prediction if motion and
wave amplitudes are small. If they are not, for instance when wave-power absorption by
floating bodies is considered, nonlinearities have to be taken into account, especially
when the hull of the body is not vertical near the waterline, so that nonlinear hydrostatic
forces are induced.

The development of a second-order theory seemed to be insufficient, because in the
special case of a harmonic motion second-order forces do not influence the first harmonic
of the force, thus the power absorption. Moreover, the wave-energy project of the Office
of Naval Architecture (State University Ghent, Belgium), in which the author is involved,
considers the case of an axisymmetric body with a conical shape near the waterline, which
implies that restoring forces contain a cubic term (Ferdinande [2], [3]; Ferdinande and
Vantorre [5]).

A first step in the development of a nonlinear theory for calculating the response of an
axisymmetric system to irregular waves is presented in this paper. A third-order potential
theory has been developed for calculating forces acting on axisymmetric floating or
immersed bodies in periodic heave motion, composed of a number of harmonic compo-
nents. The nonlinear Bernoulli equation is used and boundary conditions are fulfilled on
the instantaneous body and free water surfaces. The vertical force is calculated by
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integration of the pressure over the instantaneous body-surface position, and can be
written as the sum of a number of first-, second- and third-order terms. The linear terms
can be expressed in a similar way as the motion; the second- and third-order forces are
composed of harmonic components of which the frequencies are sums and differences of
combinations of two, respectively three, frequencies of the motion harmonics.

A reduction of the order of the problem has been obtained by extending a method
developed by Soding [7]. The knowledge of first- and second-order potential functions is
sufficient to calculate all forces up to the third order. For the calculation of these
potentials, a boundary integral equation method developed by Kritis [6] (see also
Ferdinande and Kritis [4]), based on Yeung’s work [10] (see also Bai and Yeung [1]), has
been extended.

A more detailed description of this theory is available in Dutch (Vantorre [8]). The
radiation problem for an axisymmetric body in forced harmonic heave motion of a single
frequency was considered by Vantorre [9].

2. Boundary conditions

The floating or submerged axisymmetric body is assumed to undergo a periodic heave
motion, expressed as

N

(1) =X Re({; ) (1)

Jj=1

where fj is the complex amplitude of motion for frequency w;. Two polar coordinate
systems are used (see Figure 1): a fixed system (x, z, #), and a system (X, Zz, #) fixed to
the body, so

x=X, (2)
z=z+¢, (3)
6=14. (4)

A local coordinate system (s, n) can be considered in each point of the body; the angle
between the s-axis and the z-axis is indicated by a. / is the contour length, measured
along the intersection of the body with the 0xz-plane. Differentiation with respect to / is
denoted by a prime (’). The wave elevation in a point of the free surface is denoted by Z.
If the motion of the fluid is assumed to be irrotational, a velocity-potential function ®
can be defined:

v=v0 (5)

‘with v denoting the velocity of the fluid particles. Laplace’s equation has to be satisfied,

D+ 0+, =0, (6)
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Figure 1.

together with the following boundary conditions:

(i) On the free surface, Sy, the pressure p does not change with time and is equal to the
atmospheric pressure p,. Using Bernoulli’s equation, and expanding the potential func-
tion in a Taylor series in order to obtain an expression on the mean position Sy of the
free surface, this condition can be written as

x*xt ztt x xXx

o, +gd,+200,,+200,- 0,0 %(I),(I) +®20  +2000  + 02,

1
2g

(924 ®2)d,,, + —~ 070, — }(92+ 2)d,, + - 020
2g* 2g

2(I>(I>(I>
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2 2 1 1 =
- EQIQXIQXZ - Eq)zq)tq)zzt - Eq)tq)th)zz + ?Qt(pzl@zlt =0 on SF(Z = O);
(7)
(if) Normal velocities of fluid particles and body have to be equal at the wetted body
surface S,:
—{sina=®, on §,, (8)
=@, - {P,, sina+{D, cosa

+3¢8%@,,, sin‘a — {2®,  cos a sin a

ns

+3¢%@,, cos’a  on §,; (9)
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(iii) On the bottom and on other fixed axisymmetric bodies in the fluid, the normal
velocity component equals zero:

®,=0 on Sy (10)

(iv) Radiation conditions will be developed in the sequel.
Note: In expressions (7) and (9) terms of fourth or higher order have been neglected.

3. Splitting the potential function
The potential function is now written as the sum of first-, second- and third-order terms,
o=,0+,0+,0. (11)

If (11) is substituted into (6), (7), (9) and (10), and first-, second- and third-order terms
are grouped, conditions for ;®, ,® and ;® can be found.

The set of boundary conditions for the first-order potential function ® reveals an
expression for ,®:

N N
@= Y Re[[ &)= ¥ Re[{; e e (12)
j=1 j=1
where
B = Ejl&;(w")- (13)

Nonhomogeneous terms of the boundary conditions of ,® are composed of products of
two first-order terms (¢, ;). It can be shown that ,® has to take the following form:

N N
2‘1’= Z E Re[za(“’f“”‘) ei(wj+wk)l]

“ero 1K
N N L '
=2 ¥ ¥ Re[4{iploren eltorton] ”
=~N j=|k|
k#0
where
26(h)j+wk) - 2Ajk§j§k 2$(wj+wk)’ | (15)

Ap=1 if || =|k|,
=1 if |j|# |k (16)

=% (complex conjugate value). (18)
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Nonhomogeneous terms of the boundary conditions of ;® are composed of (a) products
of three first-order terms ({, ;®), and (b) products of a first-order term (¢, ;®) with a
second-order term (,®), which leads to the following expression for ;®:

N J
3q)= Z Z Z [3'(5(wj+wk+w,) ei(w]+wk+w,)l]

“~.
i
A
=
I
~.
T
|
z

#0
N N J L )
=6 Z Z Z [Bjklg‘j{k§13¢(w/+wk+wl) et(w/+wk+w1)t] (19)
j=1k=ji=-N
1#0
where
36(w1+wk+wl)= 6Bjk[§j§k§_‘[34—)(wj+wk+w,)’ (20)

By=% if j=k=I,
=1 if j=k#! or j=l#k or j*k=I,
=1 if j#Ek+l+j. (21)

Expressions for the boundary conditions on S,, S and Sj, as well as a radiation
condition, can now be obtained for each complex potential function ,¢$*, m=1, 2, 3
(see Appendix A).

4. Force calculation

The vertical force on the body can be calculated by integration of the pressure p — p, over
the wetted body surface,

F==ffs(p—p0)sinadS=27Tfs(p—p0)xdx, (22)

s, being the intersection of S, with the Oxz-plane. In order to obtain an expression for the
pressure in which values of the potential function on the mean position of the wetted
body surface only occur, Bernoulli’s equation is expanded in a Taylor series,

p—po=—p(gE+gt+®+10>+ 10— ¢, sin a
o ; M s nt

+¢{®,, cos a + 12D, ,, sin’a — 2@, , cos a sin a + ¢2®_, cos’a

sst
—{®,®,, sin a+ {®,D,, cos a—{®D,, sina+ DD, cosa). (23)

As S, represents the instantaneous wetted body surface, the pressure has to be integrated
over the region on S, between the instantaneous and the mean free-surface positions as
well. For the calculation of this part of F, the horizontal coordinate x in (22) is developed



222
into a Taylor series in terms of Z about the point (Z = 0) of S,. Several partial integrations
lead to an expression in which powers of (Z — {) occur; the latter can be evaluated by

calculating the value of z for which the series expansion of (23) about (Z = 0) equals zero.
If (11) is used, the following expression for F is found:

F= —2vrp/(g2+g§+1<1>,)x dx  (1st order)
3p
—21rp/ (1@, + 3(,02 +,02) — &,®,, sin a + {;®,, cos a] x dx
Sp

2
+ [ng tan « r({ + élcb,) ] (2nd order)
(

z=0)
-—2ij: [1®, +,9,,0, +,9,,®, — {,®,, sin a + {,®,, cos a
Sp

+3¢%4@,,, sina — {4®,, cos a sin «

+3¢4®,,, cos’a — §®,,®,, sin «
+§,®,,2,, cos a —§®,,®,, sin a + {1, ®,, cos a]x dx

1 3 ll__. Ilt 1
+ [—%wpg(§+ —1<I>,) (tanza + rx_zfang) + 27p tan a r(§+ —1<I>,)
-4 cos‘a -4

X {2<I>, + 3,02 +,97) — 5@, sin a + §;P,, cos «

1
2 cos «

1
(§ + Elq)t)lq)ﬂ}}(hm (3rd order)
(24)

where r denotes the radius of the mean waterplane. If use of (1), (12), (14) and (19) is
made, it can be shown that the vertical force F can be written as

F=1F+2F+3F (25)
with
N ) 5_} ‘
1F=pgVs 2 Rel:lf(wj)r_o elw’t], (26)
j=1
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al al Flw+w )Ef g—‘k Hw;+wi )t
2F=20gVy Y, Y AuRe|,f v e, (27)
k=—N j=|k| 070
k+0
N N j ) fjg:k f/ .
JF=6pgVpd 2 X By, Re 3f(w”+w"'+w')7‘r_r— gllestententy (28)
0o ‘o ‘o

j=1k=ji=—N
1+0

where V;, and r, are a characteristic volume and length, respectively. General expressions
for the nondimensional complex force components ,, f>“’ are given in Appendix B;
normal derivatives of potential functions are eliminated making use of Laplace’s equation
and the boundary conditions on the body.

5. Reduction of order

It seems that the expression for ,f‘“*“¥) contains only one term which requires the
knowledge of a second-order potential function; this term can be denoted as

2arf - re
1. (@) =97
o7 lekj;hzq) xdx= -1 (29)

where

A similar notation can be used for the only term in the expression for ,f(“*@«t«)

containing a third-order potential function:

2arg o r
- mlek,j; 3¢( /"’)X dx = g—I};IjH (31)
b
where
W=+ w, +w,. (32)

Expressions for I;; and I, can now be found which only contain first-order potentials
and first- and second-order potentials, respectively, by means of an order-reduction
method, described by Stding [7] for the calculation of second-order forces on a two-di-
mensional body in a harmonic oscillatory motion. For this purpose, (29) and (31) are
written as

L= [ g as, (33)
b

L= [ [ @emgen as. (34
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where 5“‘5“ and ;¢'“* denote the linear potential functions for the harmonic motion
with frequency w, + w, and w; + w, + w,, respectively. Taking into account the boundary
conditions on SF, Sg and Sk, application of Green’s theorem to the functions
(9%, ,¢1“#)) and (,¢(“#”, ,¢(“»), respectively, in a region with boundary S; = S+ S,
+ Sp + Sg, leads to following expressions for I, and I,

w2
- (@) F(@p) | K Zwx) _ Flep)
L= [ oo ds+ [ [ @ [ PR ]ds, (35)
(@) T () = (wyer) ki (o) _ 3
1k1=f.[§1¢ Dy ik dS+ff§1¢ g —y¢{en [ dS. (36)
b F

Making use of the boundary conditions for ,¢/“4 and 6(“*) on §, and Sy, these
potential functions disappear in expressions (35) and (36), and are replaced by potential
functions of lower order. Normal derivatives of potential functions can be eliminated
using Laplace’s equation and the boundary conditions.

6. Numerical procedure

It appears that calculation of , f‘“## requires the knowledge of the first-order potential
functions ;6“, ;¢'“* and ¢(“’f’<), while the expression for 5f“*? contains the linear
potentials 16, 9%, 16? ¢©i) and the second-order potentials @l
2¢(wk1)

A boundary integration equation method proposed by Yeung [10] (see also Bai and
Yeung [1]) and implemented by Kritis [6] (see also Ferdinande and Kritis [4]) for
axisymmetric shapes, has been used for the calculation of the linear potential functions,
and has been extended in order to obtain the second-order potentials. This method is
based on the application of Green’s theorem to the functions 1/: and ¢=,¢3<
(m=1,2; 2w =17_;w), + being the distance between a reference point P and a variable
point Q, both situated on the boundary S;:

s -3 [[[2 @505 (4] as (37)

4 0n

where ¢ is the space angle, equal to 2« if S, is planar near P, and » denotes the unit
normal vector, external with respect to the fluid. Sy is now divided into N, discrete
axisymmetric elements (see Fig. 2). Boundary integral equation (37) is written N, times,
considering each discretization point 7, as reference point. If the potential function ¢ is
assumed to be constant for each element, one obtains a linear system of N, equations with
N, variables:

_ Sw)
27, + E¢,Q,,+ E ¢,(Q (;) Pij)

Jj=N+1

N, Ny
3 _ 1 . —_
¢ 2 dfost(ggtikenn)]r T B0,-n 9

Jj=Np+1 J=N;+1



)z
1 Ano+!
B B B e B
Tj
—“Ajﬂ
BN 1
‘ Ny +t Thg + -4
‘TN'
i NG
LTSS S
NL* N3
Figure 2.
where
N'l
B,=iw ) P;sinea;, if ¢ =0,
j=1
N
1 ] H (we)” H(w)” 1. O (@)
=3z 2, Psina;|,9°" +,¢ +; sma(lqb +.,¢ )
=1
. 1 .
-—1wk,<— sin & cos a+'z”)](7})
X
. N,
1 - -, 1 wkwlwk, 2 2\ = —_
P > Pij[“’kan’iwk)l%(cw') + 3 (‘*’k + W, + W) )1‘?5(“")1‘?5(“)')
g j=n+1 g

_ _ 1 -
+ 30y 1¢(wk)(1¢;(c‘;') + ! )(‘w,))
_ _ 1 -
+ %w,1¢<“'>(1¢i;’*> + ;@i“’“)] (T),

if ¢=,0%,
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P=[f5ds. (40)

0= [ [ 32(3) as. (41)

Expressions for P,; and Q,; are given by Kritis [6], and Ferdinande and Kritis [4]. It is
obvious that the systems for calculating ;¢'“*? and ,¢“” have the same matrix;
computing time can be saved if this equality is taken into account.

Numerical calculation of complex force components ,, f*) for all combinations of
frequencies within the interesting range requires a large amount of computer time. In a
more realistic approach, values of , f (% and ,f(“*@«*%) gre calculated for a limited
number of particular combinations of frequencies. ,f and ,f can be considered as
functions of two, respectively three, frequency variables; continuity and symmetry prop-
erties make it possible to obtain values for other combinations by interpolation.

The following particular combinations are considered:

forzf(wj+wk) fOI' 3f'(wj+wk+w,)
w; = w w w w; = w w w w w
Wy = w - 0 Wy = w w w —w
w, = - 0 0

Numerical calculation of these complex force components requires the knowledge of the
following potential functions:

r . T Qw). T (Cw).
l¢(w)’ 1¢( w), 1¢( w)’

—(w—w). - 0. -
24)(«: w), 2(i)(a.>+ ), 2¢(w+w).

Only four different system matrices are needed for the calculation of these potential
functions; moreover, the system matrix for ,¢!“~“’ is independent of frequency.

7. Conclusion

It has already been suggested (Ferdinande and Vantorre [5]) that the presented radiation
theory can be extended to a method leading to the determination of the nonlinear heave
response of an axisymmetric system to an irregular sea making use of the “relative motion
hypothesis™, if the horizontal dimensions of the body are small compared with wave
length (long-wave approximation). As this theory concerns a frequency domain approach,
transient problems cannot be dealt with, but if only the steady-state response is im-
portant, for example when energy absorption from a seaway with a given wave spectrum
is considered, application of time-domain methods, which might be more powerful but
require large amounts of CPU-time, is avoided. It appears that the presented method does
not consume more computer time than required for the solution of the third-order
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radiation problem for an axisymmetric body in a forced harmonic motion (Vantorre [9]),
thanks to the interpolation procedure for determining second- and third-order force
components for all frequency combinations starting from the values for a limited number
of particular cases.
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Appendix A. Boundary conditions

(i) Laplace’s equation

3 = Sw) _
o ,(rxw)+ ¢( @) 4 ¢( [2)

(A1)
m=1,2,3;, Zw= ij .
j=1
(ii) Free surface conditions (Sy)
— w16 + g,¢{) =0, (A2)
— w0 + gyl = 3i D, (A3)

= whas® ) + gl = 5i( LD A S A AD) + (AR AAD+AD)  (ag)
with

W = w;+ Wy, (A.5)
Wiy =+ W + w, (A.6)
/j‘l((]) = wjk(l‘i’iw’)la’iwk) + 1‘$z(w’)1‘$§w“) + %(wjl(;(wj)la’z(;k) + wk@(“’*)@z(?’))

1 wiwg —(6) (e o) (e
3 )} (w,1¢§ 2 k)+wk1¢§ ), ,))’ (A7)

. o oy e = - o
A50= = ns (1875947 18156000 ) + 4 (0018008 + oy 3060 )

Wiy

1 - -
— 5 T () T + 0,y N0 ) (A.8)
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@) — ry ry &
A= 2D~ 2 (F D + 5 F)

+,007 (1¢)(cwk)1¢)(cw') — 9L, )
2

W, _
- ?Jld)z(wj)( ¢("’k) ¢("’I) + ¢(wk) ¢("’l))

¢(wz) ¢(“’k)l¢(“’l)

WeWrr =, —_ —_ — — — — — — —
—2= - (198 (16040, + GLon, 390 ) +, ¢ (16 “r, 3L + gL 50)

+ ¢(w )( ¢("’k) ¢(“’I) + ¢(wk) ¢(w1)) + %1$§;’J)(1($(wk)l$z(wl) + 1(752(“’1()1;7;(‘0/))]

2
w; wkw,

(iii) Body surface conditions (S,)

1) = —iw; sin a,
Plem) = 1(g(1>+g(1>)
2¥n — 4\Y k ’
1 _1 7(1 7(1 1(,2 7 (2 72
L0 = 3( j(k)+g’§[)+gj([ >) - ﬁ(Jj( )+ D + 4 ))
with
40 =19 sin « — ¢ cos a

FD = 130 sin o — 584 cos a,

6P = ¢le) sinfa — 2,¢{4) sin & cos a +,¢{<) cos’a.

nnn nns

(iv) Condiiions on bottom and other fixed surfaces (Sg)

O =0 (m=1,2,3;2w= ij).

j=
(v) Radiation conditions (Sg)
s (L Lk ) 3G =0
m¥x 2R (Zw) [m

(m=1,2,3; So= Y, wj)

j=1

[ ¢(w) ¢("’k) ¢(“’/) + ¢(w )( ¢(“’k) ¢(U/) + ¢("’k) ¢(“’1))]

(A.9)

(A.10)
(A.11)

(A.12)

(A.13)
(A.14)

(A.15)

(A.16)

(A.17)
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with
(2w)’
ks, tanh k5 h=-—=—. (A.18)
Appendix B. Nondimensional complex force components
(i) First-order forces
. Sry,  2mry iw; . _
(@) — 0 () ()
= e — — e ¢/.de, B.1
lf Vo Vo 8 (B.1)

where S denotes the waterplane area at rest.

(if) Second-order forces

2
. —r, .- Y =(el) o 1 oy oLy
L flrren = g—VO"{ J {206 + 1167390 + b cos a1 + oy ,9)
Sp
-3 sinza(wf + Wy + wi)] x dx—3g[r tan & EjEk](z=0)}
(B.2)
where
5 9~
ZJ=1+—1¢ J, (B'3)
g
@i = W+ W (B.4)

(iii) Third-order forces

3
mr

1440

3f(wj+wk+w,) —

X {2iwjkl./_' 3a(wjk1)x dx + %f [la(wj)’za(wkl)’ + 15(“’/()'25(“’1‘1)' + 15(“’/)'25(%1()'
5p 5p

+i cos a(wklzd_,(wk[)r + wﬂza(w,/)’ + wijE’(wjk)’)] x dx



230
+13 ((‘*’j + @y sin’a) 6" + (w, + w; sin’a)$@r”

12/

+ {0+ @y sinza)lq-b(“”)”)x dx

+ Tlfiwjk,[ (16 +160" +,6“") sin'e dx

Sp
+ ﬁ/s:,,( w98 + wj,la(“’*)' + Wy 1<7>(“”)')xx” sin a dx
+ ll_zj;b[la(w,)'(lq‘b(wk)" +1$(w,)~) +1$(wk)'(]q§(w,)" +15(w,)“)
+,900 (190" +1$(“’“")] cos x dx
+ %;wfk,/;b(cos a sin a + xz”) sin‘a dx

—Tl;(wj2+wi+w,2)/ cos a sin a xx” dx
Sn

+

x”—=z"tana\_ _ _
— — |22k 2y

ﬁg(tanza +r -
cos’a

—3r tan a i(‘*’klijz‘;(w“) + 0 Zy 29 + wjkzlzq_b(w’k))

— 1;r tan a{— (wjz + ww, + wﬁ)fj - (wjz + ww, + w,z)fk
- (wi + wyw, + w,z)f, + Ejlg)(“”‘)'@(“'y
+2,19 190 + 2,9 g

+1i cos a[wjlq_b(“’f)'(fk +72) + w19 (Z,+ 7))
+0 8 (2, + 7, )| }] } (B.5)
(z=0)

where

Wi = Wt W+ . (B.6)
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